CHAPTER 1

A statement (or proposition) is a sentence that is true or false but not both.

negation of p is ~p

conjunction of p and q is p ( q

disjunction of p and q is p ( q

logically equivalent: P ( Q iff P and Q have identical truth values

tautology (t) is always true

contradiction (c) is always true

1. Commutative laws:
p ( q ( q ( p
p ( q ( q ( p

2. Associative laws:
(p ( q) ( r ( p ( (q ( r)
(p (  q) ( r ( p ( (q ( r)

3. Distributive laws:
p ( (q ( r) ( (p ( q) ( ( p ( r)
p ( (q ( r) ( (p ( q) ( (p ( r)

4. Identity laws:
p ( t ( p
p ( c ( p

5. Negation laws:
p ( ~p ( t
p ( ~p ( c

6. Double negative law:
~(~p) ( p


7. Idempotent laws:
p ( p ( p
p ( p ( p

8. De Morgan’s laws:
~(p ( q) ( ~p ( ~q
~(p ( q) ( ~p ( ~q

9. Universal bound laws:
p ( t ( t
p ( c ( c

10. Absorption laws:
p ( (p ( q) ( p
p ( (p ( q) ( p

11. Negations of t and c:
~t ( c
~c ( t

If p then q ( p implies q ( p ( q

Application of equivalence: p ( q ( ~p ( q

negation: ~(p ( q) ( p ( ~q

contrapositive: p ( q ( ~q ( ~p

converse of p ( q is q ( p

inverse of p ( q is ~p ( ~q NOTE: converse and inverse are not equivalent to conditional statement

p only if q ( if p then q ( p ( q

biconditional: p iff q ( p ( q ( sufficient ( necessary

sufficient of p ( q is p ( q

necessary of p ( q is q ( p or ~p ( ~q

premises (or assumptions or hypotheses): all statements but not the final one, call critical row if all value for the row are true

argument is valid iff premises and conlusions are true
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hexadecimal-to-binary: 0xC5 ( 1100 0101

CHAPTER 2

negation: ~((x in D, Q(x)) ( (x in D such that ~Q(x)

negation: ~((x, if P(x) then Q(x)) ( (x such that P(x) and ~Q(x)

negation: ~((x , (y such that P(x,y)) ( (x such that (y, ~P(x,y)

CHAPTER 5

subset: A ( B   (   (x, if x ( A then x ( B

not subset: A ( B   (   (x such that x ( A and not x ( B

A is a proper subset of B iff evey element of A is in B but there is at least one element of B that is not in A.

A = B   (   A ( B and B ( A  (Def : A equals B)

Inclusion of Intersection: A ( B ( A or A ( B ( B

Inclusion in Union: A ( A ( B or B ( A ( B

Transitive Property of Subsets: if A ( B and B ( C, then A ( C

1. Commutative Laws
A ( B = B ( A
A ( B = B ( A

2. Associative Laws
(A ( B) ( C  = A ( (B ( C)
(A ( B) ( C  = A ( (B ( C)

3. Distributive Laws
A ( (B ( C)  = (A ( B) ( (A ( C)
A ( (B ( C)  = (A ( B) ( (A ( C)

4. Intersection with U
A ( U = A

5. Double Complement Law
(A c )c = A

6. Idempotent Laws
A ( A = A
A ( A = A

7. De Morgan’s Laws
(A ( B) c = Ac ( Bc
(A ( B) c = Ac ( Bc

8. Union with U
A ( U = U

9. Absorption Laws
A ( (A ( B) = A
A ( (A ( B) = A

10. Alternate Representation

      of Set Difference
A – B = A ( Bc

1. Union with 0
A ( 0 = A

2. Intersection and Union 

    with the Complement
A ( Ac = 0
A ( Ac = U

3. Intersection with 0
A ( 0 = 0

4. Complements of U and 0
Uc = 0
0c = U

A and B are disjoint iff A ( B = 0.           Multually disjoint is when Ai ( Aj = 0

A partition is when A1 ( A2 ( An and non of the elements in A1 ,A2 are not the same. 

power set of A: P (A)     e.g.  P({x,y}) = {0,{x},{y},{x,y}}

if A ( B then P (A) ( P (B)

Cartesian product

Chapter 3

n is even ( (k ( Z ( n = 2k

n is odd ( (k ( Z ( n = 2k + 1

n is prime ( (r, s ( Z+, n = r ( s ( r = 1 or s = 1

n is composite ( (r, s ( Z+ ( n = r ( s and r ( 1 and s ( 1

Sum of any two integers is even ( their difference is even

r is rational ( (a, b ( Z ( r = a/b and b ( 0

Every integer is a rational number

rational + rational = rational

d(n ( (k ( Z ( n = d ( k

Transitivity of Divisibility - (a, b, c ( Z, a(b and b(c ( a(c

Any integer n > 1 is divisible by a prime number

Quotient-Remainder - n = d ( q + r and 0 ( r < d

n div d = q and n mod d = r ( n = d ( q + r, 0 ( r < d

Any two consecutive integers have opposite parity

Square of any odd Z has the form 8m + 1 for some m ( Z

(x( = n ( n ( x < n + 1

(x( = n ( n – 1 < x ( n

(x ( R and (m ( Z, (x + m( = (x( + m

Floor of n/2 - (n ( Z, (n/2( = n/2 if n is even, (n – 1)/2 if n is odd

(n, d ( Z & q = (n/d( & r = n – d ( (n/d(  ( n = dq + r, 0 ( r < d

There is no greatest integer

rational + irrational = irrational

(n ( Z, n² is even ( n is even

√2 is irrational

1  + 3√2 is irrational

(a ( Z, (p ( prime, p(a ( p((a + 1)

The set of prime numbers is infinite

gcd(a,c) = d if d(a and d(b

(r ( Z+ ( gcd(r,0) = r

(a, b ( Z & b ( 0 & (q, r ( ~Z- ( a = b ( q + r ( gcd(a,b) = gcd(b,r).

chapter 4:Induction I:  Sum of First Integer Sequence

P(n): 1+2+…+n = (n(n+1)) / 2; n1;

i) make a base case.  n=1;

  P(1):  (1(1+1)) / 2 = 1 

ii) assume k to be true... sub k into equ.

 P(k):  1+2+...+k = (k(k+1)) / k; k1;

iii) then we must prove P(k+1);

P(k+1): 1+2+...+(k+1) = [ (k+1)[(k+1)+1] ] / (k+1);

rewritten: 1+....k+(k+1)

sub. P(k) for k:  [(k(k+1)) / k] + (k+1) = [ (k+1)[(k+1)+1] ] / (k+1)

make LS =RS 

write “[this is what we need to show]

[since both basis and inductive steps are proven, conclude theorem true]”

InductionI: Sum of Geometric Sequence

  n

ri =  (rn+1 +1) /  (r-1);  n0;

i=0

i)make base case n=0...solve

ii) assume k is true for formula...sub n=k to show equ.

iii) prove for n=(k+1)

             n

RS=r ( k+1) =  (r(k+1)+1 +1) /  (r-1);  n0;

           i=0  

Make LS = [(rk+1 +1) /  (r-1) ] + r ( k+1)  = RS 

Principle of strong math induction

Let P(n) be a predicate that is defined for integers n, and let a and b be fixed integers with ab.  Suppose the following two statements are true:
1. P(a), P(a+1),....,and P(b) are all true. (basis step)

2. For any integer k>b, if  P(i) is true for all integers i with ai<k, then P(k) is true. (inductive step)

Then the statement 



for all integers n>=a, P(n)

is true.  (The suppposition that P(i) is true for all integers i with ai<k is called the inductive hypothesis)

example:

Suppose a1,a2,a3,..is a sequence defined as follows:

a1 = 1, a2 = 3, ak = ak-2 + 2ak-1 for all integers k

Prove that an is odd for all integers n

solution

The property is true for n=1, n=2

if k>2 and the property is true for all i with 1 k, then it is true for k:

Let k>2 be an integer and suppose ai is odd for all integers i with 1 k.

We must show that ak is odd.  By Definition of a1, a2,...,ak = ak-2 + 2ak-1 .

Now ak-2 is odd by inductive hypothesis.  Thus ak = ak-2 + 2ak-1 . is the sum.  This is what was to be shown.
Ch 7 FUNCTIONS: a relationship between 2 elements (usually x and y).

f: X->Y : means f is a function of X to Y. X =domain of f,  Y = co-domain of f(Range).  f sends X to Y.

image of X under f : range of  f : = { y ( Y | y = f(x), for some x in X}

elements in X with y as their image : inverse image of y = { x ( X | f(x) = y}

suppose f & g are functions from X to Y. Then f = g iff f(x) = g(x) for all x(X.

ix(x)= x for all x in x -> ix = Identity function on X  sends each element of X to identical element. No change in output from input. 

Boolean Functions => domain is the set of all ordered n-tuples of 0’s and 1’s. Co-domain is the set {0,1}

also called Cartesian product of n copies of the set {0,1}, denoted by {0,1}n
 f: {0,1}n -> {0,1}

Example:  f(x,y,z) = (x+y+z)mod2 describe f using truth table

solution:  f(1,1,1) = (1+1+1)mod2 = 3mod2 = 1

 f(1,1,0) = (1+1+0)mod2 = 2mod2 = 0: make a truth table from all possible comb.

of 1’s and 0’s and the output 

One-to-One =>(injective) if F(x1) = F(x2), then x1=x2, : this means that only x2 value for every x1 value.  f(x) = x2 not a one-to-one, one y for 2 x’s

Example : X = {1,2,3} Y={a,b,c,d} .......1) H : X ->Y: H(1) = a, H(2)=b, H(3)=d 2)

K :  X->Y: K(1) = b , K(2)=b, K(3)=a  answer :1) H is one-to-one, 2) K is not. same points.

Onto =>(surjective) F is a function from a set X to a set Y. F is onto iff when given an element y in Y, if it’s possible to find x in X with the property y = F(x) => F:X ->Y is onto <=> ( y(Y, (x (X such that F(x) = y  NOT onto if F(x)(y. This means that if you can write y in term of x, then F(x) is onto, and  not in range if you cannot get x from y.

Inverse Functions => if you get something like F(x) = x2, means usually that y = x2, the inverse would then be x = y2, where y and x switch places. this is F(x)-1.

Can only get inverse functions if it is both one-to-one and onto (bijection)
One-to-oneness of inverse functions same rule applies as with regular functions, but instead of x1=x2 for F(x1)= F(x2), you use y1=y2

Composition of Functions => let f : X ->Y’ and g: Y->Z be functions with range of f is a subset of the domain of g. def: of new function g ( f : X -> Z

(g(f)(x) = g(f(x) for all x( X  => this makes x = f(x) when g(x) is implemented. 

Ch10 RELATIONS: A & B are sets. A binary relation R from A to B is a subset of AXB. Given ordered pair (x,y) in AXB, x is related to y by R( xRy)

iff (x,y) is in R.

A funct. F frm set A to a set B is a relation from A to B that satisfies : for every element x in A, there is an element y in B such that (x,y) (F

For all elements x in A and y and z in B, if (x,y)(F and (x,z)(F, then y=z. : if F is a func. from A to B write : y=F(x) <=>(x,y)(F.

Inverse of Relation : R-1 = {(y,x) ( BXA|(x,y)(R} x, and y change places. ( (y,x)(R-1 (( (x,y)(R

R is reflexive iff (x(A, xRx……..R is symmetric iff (x,y(A, if xRy then yRx…………..R is transitive iff (x,y,z (A, if xRy and yRz then xRz .

TRANSITIVITY : A be a set and R be a binary relation on A. Binary relation Rt on A must satisfy following properties:

1)Rt is transitive……….2) R( Rt…………3) if S is any other transitive relation that contains R, then Rr( S
Chapter 8:

 (8.1)  RECURSION

DEF : A recurrence relation for a sequence ao, a1, a2,.. is a formula that relates each term Ak  to certain of it predecessors ak-1, ak-2, ak-i, where i is fixed integer and k is any integer greater than or equal to i.

The initial conditions for such a recurrence relation specify the values of ao,a1,a2,..ai-1.

e.g.  Sequences that satify the Same Recurrence Relation. 

Let a1,a2,a3 … and b1,b2,b3,..satisfy the recurrence relation that the K th term equals 3 times the

(k-1)st term for all integers k >= 1:

(1) A k =3Ak-1 and bk = 3b k-1.

But suppose that the initial conditions for the sequences are different:

(2) a1 = 2  and b1 = 1.

Find (a) a2, a3, a4 and (b) b2,b3,b4..

Solution: a) a2 = 3a1 = 3*2=6                            b)b2=3b1=3*1=3

                    a3 = 3a2 = 3*6=18                             b3=3b2=3*3=9

                    a4 = 3a3 = 3*18=54                           b4=3b3=3*9=27

thus a1,a2,a3,….begins 2,18,54….and b1,b2,….begin 1,3,9,27,…..
(8.2) DEF : A sequence Ao, A1, A2,.. is called an arithmetic sequence if, and only if , there is a constant d such that Ak.=Ak-1 + d for all integers k >= 1. Or  equivalently An = Ao +d *n for all integer n >= 0.

e.g. the explicit formula for a geometric sequence.

Let r be a fixed nonzero constant and suppose a sequence a0,a1,a2,..is defined recursively as follow.

Ak = r*Ak-1
for all int k >= 1,

A0=a.

Use iteration to guess an explicit formula for this sequence.

Solution:  a0 =a

                 a1=r*a0=r*a

                 a2=r*a1=r*(r*a) = r2 * a

                 a3 = r*a2=r*(r2*a) = r 3 * a ……. Guess: an = rn * a for any arbitrary integer n >= 0.
DEF:A sequence ao, a1,a2,.. is called an geometric  sequence if, and only if , there is a constant r such that 

ak. = r *ak - 1 for all integers k >= 1. Or  equivalently An = ao +d *n for all integer n >= 0.

